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Abstract

Control problems with hard bounds on the control values, restrictions on the state
trajectory over a finite time horizon, and guaranteed behavior despite the disturbances,
are difficult to solve using frequency based design methods. Such problems have received
much attention over the past decade. In order to address them one needs to study system
evolution in the time domain. The central concept that emerges in such studies is that
of the reach set. This paper is devoted to the formulation of the reachability problem
for discrete-time dynamical systems with disturbances. The concept of maxmin and
minmax forward and backward reach sets is addressed. Invariance of the backward
reach set is discussed. The emphasis of the paper is on discrete-time linear systems, for
which the ellipsoidal computational method is described. The synthesis of maxmin and
minmax closed-loop control for steering the system to a given target set using ellipsoidal
backward reach set approximations is explained. The ellipsoidal method covered in the
paper is implemented in the Ellipsoidal Toolbox for MATLAB, a popular collection of
ellipsoidal calculus routines freely available online.

1 Introduction

Traditional control theory is concerned with the design of linear feedback control with
desirable asymptotic behavior, such as stability and small steady state and tracking errors,
while properties of transient behavior are expressed in terms of overshoot and speed of
response. External disturbances can be handled by modeling these as random processes,
leading to the Linear Quadratic Gaussian (LQG) problem formulation. This theory has
some limitations.
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Because the feedback law is specified to be linear, it is not possible to explicitly incorporate
hard bounds on the control values, e.g., the requirement that the applied force should not
exceed a specified limit. Second, it is not possible to express finite time requirements, e.g.,
the requirement that the system state reach a pre-specified value at a pre-specified time.
Third, it is not possible to demand guaranteed performance in the face of disturbances, e.g,
the requirement that a certain target state be reached, no matter what the disturbance.

In order to address these problems one needs to study system evolution in the time domain.
The central concept that emerges in such studies is that of the reach set, which is the
set of states to which the system can be steered using available controls. This paper is
devoted to the formulation and computation of the reach set of a discrete-time linear system
with disturbances with emphasis. The concept of reachability was introduced in [28]; [29]
shows the reach set can be computed by solving the forward Hamilton-Jacobi-Bellman-
Isaacs (HJBI) partial differential equation; and the notion of backward reachability with
its application to reaching a specified target set is described in [18]. Reachability of hybrid
systems is addressed in [34, 31]. Over the last decade, significant advances were made in
the characterization of reach sets and their computation for linear systems.

Computation of reach sets as level sets of HIJBI solutions was introduced in [20, 19, 22]
with special emphasis on linear systems. In [32] the authors applied the level set method to
reachability analysis of hybrid systems. The level set method is implemented in the Level
Set Toolbox [4], which uses numerical algorithms for time-dependent HJBI equations and
structured grids.

For some classes of systems the reach sets can be computed symbolically using quantifier
elimination. In [27] the authors deal with linear time-invariant systems with nilpotent
Jacobian matrix. Requiem [8] is a Mathematica notebook which, given a linear system,
the set of initial conditions and control bounds, symbolically computes the exact reach set,
using the experimental quantifier elimination package.

There are reach set algorithmic computation methods based on general polytopes, as well as
those with specific structure. The general polytope method consists in sequential computa-
tion of affine transformations of polytopes, geometric sum of two polytopes, and geometric
difference of two polytopes. It is implemented in the Multi-Parametric Toolbox (MPT) for
MATLAB [26, 6]. Polytopes can give arbitrarily close approximations to any convex set,
but the number of vertices can grow prohibitively large and, as shown in [12], the com-
putation of a polytope by its convex hull becomes intractable for large number of vertices
in high dimensions. Symmetric polytopes, called zonotopes [9], could be a solution. The
zonotope method for external approximation of reach sets of discrete-time linear systems
was introduced in [15], implemented in the MATISSE package for MATLAB [5], and further
discussed in [16]. In the d/dt [2] verification tool, the reach set of a discrete-time linear
system without disturbance is over-approximated by unions of rectangular polytopes [11].
CheckMate [1] is a MATLAB toolbox that can evaluate specifications for trajectories start-
ing from the set of initial (continuous) states corresponding to the parameter values at the
vertices of the parameter set. This provides preliminary insight into whether the specifica-
tions will be true for all parameter values. The method of oriented rectangluar polytopes



for external approximation of reach sets is introduced in [35]. Currently, the development
of CheckMate is discontinued. Therefore, we refer the reader to PHAVer [7], the newly
developed verification tool.

There are analytic methods for over- and underapproximation of reach sets based on el-
lipsoids [21, 23, 25] and parallelotopes! [17]. Application of ellipsoidal method to hybrid
systems is described in [24]. These methods introduce parametrized families of external and
internal appreoximating ellipsoids or parallelotopes and provide differential or difference
equations that govern the centers and shape matrices of those approximations. Ellipsoidal
reachability methods are implemented in the Ellipsoidal Toolbox [3].

For certain verification problems computation of reach sets can be avoided. For example, it
may be enough to ensure that for given set of initial conditions, the trajectories of system
never enter a given target set. In this case, the method of barrier certificates [30, 33] may
be useful. Another example for which reach sets need not be computed occurs when it is
possible to ensure that for given initial set there exist system trajectories that never leave
this initial set. Such an initial set is said to be invariant with respect to those trajectories.
In [10] the authors show that for certain classes of discrete-time dynamical systems with
disturbances and certain initial sets, convex constraints on controls and disturbances, for
every disturbance there exist closed-loop control strategies that keep the state of the system
inside the initial sets. For more information about invariant sets, we refer the reader to the
survey paper [13] and references therein.

A more detailed critical overview of the existing reachability methods and tools can be
found in the Ellipsoidal Toolbox manual [3].

The rest of the paper is organized as follows. Section 2 introduces the forward and backward
reach sets, the classes of open- and closed-loop controls, and different kinds of reach sets
that are appropriate for dealing with disturbances. Although some of the discussion applies
to nonlinear systems, explicit formulas for reach sets are available only for linear systems.
Geometric operations with ellipsoids that deal with external and internal approximations
of ellipsoidal difference-sum and sum-difference are presented in Section 3. Section 4 is
devoted to a set of algorithms based on these ellipsoidal operations. Control synthesis for
steering the system to a given target set in given time is addressed in 5, covering both,
maxmin and minmax cases. Section 6 provides some examples.

2 Reachability analysis

2.1 Systems without disturbances

Consider a general discrete-time dynamical system

z(t+1)= f(t,z,u), (2.1)

IParallelotope is a zonotope with 2™ vertices, where n is the state space dimension.



wherein t is the time step, x € R" is the state, u € R™ is the control, and f is a measurable
vector function taking values in R™. The control values u(t,z) are restricted to a closed
compact control set U(t) C R™. An open-loop control does not depend on the state,
u = u(t); for a closed-loop control, u = u(t,x).

Definition 2.1 (Reach set) The (forward) reach set X(t,tg,xo) at time step t > ty from
the initial position (to,xo) is the set of all states x(t) reachable at time step t by system
(2.1), with x(ty) = g, through all possible controls u(r,z) € U(T), T = to..(t — 1). For a
given set of initial states Xy, the reach set X (t,to, Xp) is

X(t,to,Xo): U X(t,to,xo).

roEXp

Here are two facts about forward reach sets.

1. X(t, tg, Xy) is the same for open-loop and closed-loop control.

2. X(t,to, Xp) satisfies the semigroup property,
X(t,to,.)(o) :X(t,T,X(T,to,Xo)), to <7<t (2.2)

For linear systems
ft,z,u) = A(t)x(t) + B(t)u, (2.3)
with matrices A(t) in R™*" and B(t) in R™*". The state transition matrix is
O(t+1,t0) = A(t)D(t,t0), P(t,t) =1,
which for constant A(t) = A simplifies as
B(t,tg) = A7,

If the state transition matrix is invertible, ®~1(¢,¢y) = ®(to,t). The state transition matrix
is always invertible for sampled continuous-time linear systems. However, if for some 7,
to < 7 < t, A(T) is degenerate (singular), ®(t,tg) = Ht;:lto A(T), is also degenerate and
cannot be inverted.

The reach set X(t,tg, Xp) for a linear system can be expressed as

t—1
X (t,to, Xo) = (t,t0)Xo ® Y ®(t, 7+ 1)B(r)U(7). (2.4)

T=to

Operation ‘@’ is the geometric sum, also known as Minkowski sum.? Geometric sums and
linear (or affine) transformations preserve compactness and convexity. Hence, if the initial
set Xy and the control sets U(7), tg < 7 < t, are compact and convex, so is the reach set
X(t,to, Xp)-

*Minkowski sum of sets W, Z C R" is defined as W@ Z = {w+ 2z |w € W, z € Z}. W@ Z is nonempty
if and only if both, W and Z are nonempty. If W and Z are convex, W @ Z is convex.




Definition 2.2 (Backward reach set) The backward reach set Y(t1,t,y1) for the target
position (t1,y1) is the set of all states y(t) for which there exists some control u(t,x) € U(T),
T =t..(t1 — 1), that steers system (2.1) to the state y1 at time step t1. For the target set Y
at time step t1, the backward reach set Y(t1,t, V1) is

y(t17t7yl): U y(t17t7y1)'

y1€EM

Definition 2.3 (Weak and strong invariance) Set M is said to be weakly invariant
with respect to the target set V1 and time steps tg and t, if for every state xg € M there
exists a control u(t,z) € U(T), T = to..(t — 1), that steers the system from xy at time step
to to some state in Y1 at time step t.

If all controls in U(T), T = to..(t — 1) steer the system from every xog € M at time step to
to V1 at time step t, set M is said to be strongly invariant with respect to Vi, tg and t.

The backward reach set Y(t1,t,))1) is the largest weakly invariant set with respect to the
target set )1 and time values ¢ and t;.

Remark. Backward reach set can be uniquely computed only if the right hand side of 2.1
is invertible, that is, there exists f~1(t,z,u) such that (t) = f~'(¢t,z(t + 1), u).

The following two facts about the backward reach set ) are similar to those for forward
reach sets.

1. Y(t1,t,)1) is the same for open-loop and closed-loop control.
2. Y(t1,t,)1) satisfies the semigroup property,
y(tlatayl):y(Tatay(tlaTayl))a t§7—<t1' (25)

For the linear system (2.3) the backward reach set can be expressed as

t1—1

V(t,t, 1) = Bt 1) @ Y —B(t,7)B(T)U(T). (2.6)
T=t

This formula makes sense only for linear systems with invertible state transition matrix.
Degenerate linear systems have unbounded backward reach sets that cannot be computed
with available software tools.

Just as in the case of forward reach set, the backward reach set of a linear system Y(t1,t, V)
is compact and convex if the target set )y and the control sets U(7), 7 = t..(t; — 1), are
compact and convex.

Remark. In the computer science literature the reach set is said to be the result of operator
post, and the backward reach set is the result of operator pre. In the control literature the
backward reach set is also referred to as solvability set.



2.2 Systems with disturbances

Consider the discrete-time dynamical system with disturbance
2t +1) = f(t,,u0), (2.7)

in which we also have the disturbance input v € R? with values v(t) restricted to a closed
compact set V(t) C R%

In the presence of disturbances the open-loop reach set (OLRS) is different
from the closed-loop reach set (CLRS).

Given the initial time step tg, the set of initial states Aj, and terminal time step ¢, there
are two types of OLRS.

Definition 2.4 (OLRS of maxmin type) The mazmin open-loop reach set Xor(t,t0, Xo)
is the set of all states x, such that for any disturbance v(1) € V(7), there exist an initial state
xo € Xp and a control u(t) € U(T), to < T < t, that steers system (2.7) from z(ty) = x¢ to
z(t) = x.

Definition 2.5 (OLRS of minmax type) The minmax open-loop reach set Xy (t,t0, Xo)
is the set of all states x, such that there exists a control u(r) € U(T) that for all distur-
bances v(T) € V(1), to < 7 < t, assigns an initial state xo € Xy and steers system (2.7)
from x(tg) = z¢ to x(t) = x.

In the maxmin case the control is chosen after knowing the disturbance for all the time
steps to..(t — 1), whereas in the minmax case the control is chosen before any knowledge of
the disturbance. Consequently, the OLRS does not satisfy the semigroup property.

The terms ‘maxmin’ and ‘minmax’ come from the fact that Xop(t,tg, &p) is the subzero
level set of the value function

V(t,z) = maxmin{dist(z(ty), Xp) | z(t) =z, u(r) € U(T), v(r) € V(7), T =to..(t — 1)},

(2.8)
ie., Xor(t,to,Xo) = {z | V(t,z) < 0}, and X (¢, to, Xp) is the subzero level set of the
value function

V(t,z) = min max{dist(z(tp), Xo) | (t) = =, u(r) € U(7), v(1) € V(1), T =to..(t — 1)},
u (2
(2.9)
in which dist(-, -) denotes Hausdorft semidistance.® Since V (t,7) < V(t,z), Xo (¢, to, Xo) C
Xor(t,tg, Xp).

3Hausdorff semidistance between compact sets W, Z C R™ is defined as
dist(W, Z) = min{(w — z,w — 2)"/? |w e W, z € £},

where (-, ) denotes inner product.



Note that maxmin and minmax OLRS imply guarantees: these are states that can be
reached no matter what the disturbance is, whether it is known in advance (maxmin case)
or not (minmax case). The OLRS may be empty.

Fixing some time step 71, tg < 7 < t, define the piecewise marmin open-loop reach set with
one correction,

_1 J— J—

Xop(t,to, Xo) = Xor(t, 71, Xor (71,10, X)), (2.10)

and the piecewise minmaz open-loop reach set with one correction,
Xop(t,to, Xo) = Xop(t, 71, Xop (71,0, Xo)). (2.11)
The piecewise maxmin OLRS ?10 .(t, to, Xp) is the subzero level set of the value function

Vit,z) = mgxmgn{K(Tl,w(ﬁ)) | z(t) =z, u(t) € U(T), v(1) € V(T), T="T11..(t — 1)},
(2.12)
with V (71, 2(71)) given by (2.8), which yields

Vit,x) > V(t, ),

and thus,
—1 _
Xor(t,to, Xo) € XoL(t, to, Xo).

On the other hand, the piecewise minmax OLRS X }) 1 (t, to, Xp) is the subzero level set of
the value function

Vl(t,x) = mJnmgx{V(Tl,x(ﬁ)) | z(t) =z, u(t) e U(T), v(1) € V(7), T=T71..(t — 1)},
(2.13)
with V(m,2(71)) given by (2.9), which yields

Vit,z) >V (),

and thus,
iOL(tv tOXO) c iloL(t, to, Xo).

We can now recurrently define piecewise maxmin and minmax OLRS with k corrections for
to <11 < -+ <7 <t. The maxmin piecewise OLRS with k corrections is

—k = —k—1
Xor(t to, Xo) = Xor(t, 7, Xor, (Tk, to, X0)), (2.14)
which is the subzero level set of the corresponding value function

V*(t,z) = maxmin{V*" ! (r, 2(1,)) |
v u

z(t) =z, u(r) e U(T), v(r) € V(1), T =T1%..(t — 1)} (2.15)
The minmax piecewise OLRS with k corrections is

X% (tto, Xo) = Xop (b, T X5 1 (s o, X0)), (2.16)



which is the subzero level set of the corresponding value function
—k . —k—1
V7 (t,x) = minmax{V" (1, x(1%)) |
u v
z(t) =z, u(r) €eU(T), v(r) € V(T), T =Tp..(t — 1)}. (2.17)
From (2.12), (2.13), (2.15) and (2.17) it follows that

V(t,a) <Vita) < - < VF(ta) <V(t,2) < --- <V

Hence,
Xop(tto, Xo) € Xbp(tto, Xo) C -+ C X (t,to, Xo) C
X0, (tto, Xo) C -+ C Xpp(t,to, Xo) C Xor(t, to, Xo). (2.18)
We call
Xop(t, to, Xo) = X’ (¢, to, Xp) (2.19)

the mazmin closed-loop reach set of system (2.7) at time step ¢, and we call
Xeop(t,to, Xo) = X507 (¢t to, Ap) (2.20)

the minmazx closed-loop reach set of system (2.7) at time step t¢.

Definition 2.6 (CLRS of maxmin type) Given initial time step to and the set of initial
states Xy, the mazmin CLRS Xcr(t,to, Xo) of system (2.7) at time step t > tg, is the set of
all states x, for each of which and for every disturbance v(t) € V(7), there exist an initial
state xy € Xy and a control u(t,xz(7)) € U(T), such that the trajectory x(|v(T),u(r,z(7)))
satisfying x(tg) = xo and

(1 + o(7), u(r, z(7))) € f(7,2(7),u(r, z(7)), v(7)),

with T = tg..(t — 1), is such that xz(t) = x.

Definition 2.7 (CLRS of minmax type) Given initial time step to and the set of ini-
tial states Xy, the maxmin CLRS X (t,to, Xo) of system (2.7), at time step t > to, is
the set of all states x, for each of which there exists a control u(r,z(7)) € U(T), such
that for every disturbance v(t) € V(7) there exists an initial state xy € Xy and trajectory
(1, v(7)|u(t,z(7))) satisfying

(1 + Lo(r)[u(r, z(7))) € f(7,2(7),u(r, x(7)), v(7)),

with 7 = tg..(t — 1), z(tg) = xo and z(t) = =.

By construction, both maxmin and minmax CLRS satisfy the semigroup property (2.2).



Remark. In case the initial set Xy = {zo} (is limited to one state) and the disturbance is
unknown (V(7) contains more than one point for some ¢y < 7 < t), the minmax OLRS is
empty. To fix the situation, one has to work with a neighborhood of x( as initial set.

Consider the linear system case,
flt,z,u) = A(t)z(t) + B(t)u + G(t)v, (2.21)
where A(t) and B(t) are as in (2.3), and G(t) takes its values in R

The maxmin OLRS can be expressed through set-valued sums,

Xor(t,to, Xo) =
(@t to) X% @ X1, @(t, 7+ DB(HUT)) - (2.22)
S Ot T+ (=G (M)V(7).

Similarly, the minmax OLRS is

iOL(u to, XO) =
(@(t,t0) = 2}, Bt 7+ D(-G(V(T)) @ (2.23)

S @t T+ 1)B(TU(T).

The operation ‘—’ is geometric difference, also known as Minkowski difference.*

Now consider the piecewise OLRS with k corrections. Expression (2.14) translates into

?]g)L(tath-XO) =
(<I>(t7 )X 61, (T to, Xo) @ St T+ 1)B(T)U(T)) Z (2.24)
S, Bt T+ 1D)(=G(r)V(7).

Expression (2.16) translates into

&gL(t¢ to, XO) =

(<I>(t, )X (T to, Xo) = S0, B(t, T+ 1)(—G(T))V(T)) o (2.25)
S, Bt T+ 1) B()U(T).

Since for any Wi, Ws, W3 C R it is true that
(Wi=Wa) @ W3 = (W1 @ Ws)=(W2 @ W3) © (W1 @ W3)=Ws,
from (2.24), (2.25), it is clear that (2.18) is true.

For linear systems, if the initial set Xy, control bounds U(7) and disturbance bounds V(7),
T = to..(t — 1), are compact and convex, the CLRS X ¢ (¢, t0, Xp) and X (¢, to, Xp) are
compact and convex, provided they are nonempty.

Just as for forward reach sets, the backward reach sets can be open-loop (OLBRS) or
closed-loop (CLBRS).

“The Minkowski difference of sets W, Z € R™ is defined as W-Z = {¢ € R™ | ¢ Z CW}. If Wand 2
are convex, W—Z is convex if it is nonempty.




Definition 2.8 (OLBRS of maxmin type) Given the terminal time step t1 and target
set Y1, the maxmin open-loop backward reach set Yor (t1,t, V1) of system (2.7) at time step
t < t1, is the set of ally, such that for any disturbance v(T) € V(1) there exists a terminal
state y1 € Y1 and control u(t) € U(T), T = t..(t1 — 1), which steers the system from y(t) =y

to y(t1) = y1-

Yor(ti,t,1) is the subzero level set of the value function

V3 (t,y) = maxmin{dist(y(t1), 1) |
y(t) =y, u(r) e U(T), v(r) € V(1), T =t..(t1 — 1)}, (2.26)

Definition 2.9 (OLBRS of minmax type) Given the terminal time step t1 and target
set Y1, the minmaz open-loop backward reach set Y, (t1,t, Y1) of system (2.7) at time step
t < ty1, is the set of ally, such that there exists a control u(t) € U(T) that for all disturbances
o(t € V(1), T = t..(t1 — 1), assigns a terminal state y; € Y, and steers the system from

y(t) =y toy(t1) = y1.

Yo (t1,t, 1) is the subzero level set of the value function

V(t,y) = min max{dist(y(t1), Y1) |

y(t) =y, u(r) €eU(r), v(r) € V(1), T=1t..(t1 — 1)}, (2.27)
Both, maxmin and minmax OLBRS are weakly invariant with respect to the target set and
the control. Maxmin OLBRS is also weakly invariant with respect to the target set and the

disturbance, whereas minmax OLBRS is strongly invariant with respect to the target set
and the disturbance.

Remark. The backward reach set can be computed only if the right hand side of (2.7) is
invertible.

Remark. As in the forward reachability case, if the target set is comprised of a single state
and the disturbance is unknown, the minmax OLBRS is empty, and one has to consider
some neighborhood of the target state as a target set.

Similarly to the forward reachability case, we construct piecewise OLBRS with one cor-
rection at time step 71, t < 7 < t;. The piecewise maxmin OLBRS with one correction
is

y})L(tla t, yl) = yOL(Tlv tayOL(tla 71, yl))a (228)

and it is the subzero level set of the function

V(t.y) = masxmin{Vi (. y(m) |
y(t) =y, u(r) eU(r), v(r) € V(1), T=t..(11 — 1)}. (2.29)

10



The piecewise minmax OLBRS with one correction is
l%)L(tla t, yl) = lOL(Tla t)lOL(tla 71, yl))> (230>
and it is the subzero level set of the function

Vy(t,y) = minmax{Vi(r1,y(r)) |
y(t) =y, u(r) eU(r), v(r) € V(1), T=t..(11 — 1)}, (2.31)

Recursively define maxmin and minmax OLBRS with k& corrections for ¢t < 7, < --- <11 <
t1. The maxmin OLBRS with k corrections is

~k - ~k—1
Yor(t,t, 1) = Yor(me.t, Vor, (t1, 7, V1)), (2.32)
which is the subzero level set of function

Vi(ty) = mgxmgn{z’;‘l(m,y(m)) |
y(t) =y, u(r) eU(r), v(r) € V(1), T=t..(1 — 1)}. (2.33)

The minmax OLBRS with k corrections is
l]éL(tla t, yl) = lOL(Tka t, Z](C)El(tla Tk yl))> (234>
which is the subzero level set of the function

Vy (ty) = minmax{V; " (s, y(7)) |
y(t) =y, u(r) eU(r), v(r) € V(1), T =t..(1 — 1)}, (2.35)

From (2.29), (2.31), (2.33) and (2.35) it follows that

Vylt,y) < Vilty) < <VEty) <Vy(ty) < < Vy(ty) < Vilt,y).

Hence,
Vort1,t. Y1) C Y, (b, 6, Y1) C - CYE (t1, £, 1) C
ygL(tlutyyl) g e g yloL(thtayl) g yOL(thtayl)' (236)
We say that
Verltnt, 1) =Vor' (1,6, 1) (2.37)

is the mazmin closed-loop backward reach set of system (2.7) at time step t.

We say that
Veor(tn,t,01) = Yor ™ (t,1,1) (2.38)

is the minmazx closed-loop backward reach set of system (2.7) at time step t¢.

11



Definition 2.10 (CLBRS of maxmin type) Given the terminal time step t1 and target
set Y1, the maxmin CLBRS Yor(t1,t, V1) of system (2.7) at time step t < t1, is the set of
all states y, for each of which for every disturbance v(t) € V(1) there exists terminal state
y1 € V1 and control u(t,y(T)) € U(T) that assigns trajectory y(r,|v(7),u(T,y(T))) satisfying

y(r + Lo(r), u(r,y(7))) € f(7,y(7), u(r, y(7)),v(7)),
with 7 =t..(t1 — 1), such that y(t) =y and y(t1) = y1.

Definition 2.11 (CLBRS of minmax type) Given the terminal time step t1 and target

set Y1, the minmaz CLBRS Y ., (t1,t, V1) of system (2.7) at time step t < ty, is the set of all

states y, for each of which there exists control u(t,y(7)) € U(T) that for every disturbance

v(T) € V(1) assigns terminal state y; € Y1 and trajectory y(r,v(7)|u(r,y(7))) satisfying
y(r + Lo(r)lu(r,y(7))) € f(r,y(7),ul(r, y(1)),v(7)),

with 7 =t..(t1 — 1), such that y(t) =y and y(t1) = y1.

Both maxmin and minmax CLBRS satisfy the semigroup property (2.5).

For linear systems, the maxmin OLBRS can be expressed through set-valued sums,
yOL(th tu yl) =
(@t 1031 @ L0S —0(t, T+ DBEU(T) ) - (2.39)
SRSt T+ D)GE(T)V(T).
Similarly, the minmax OLBRS is
ZOL(thtayl) -
(00091~ 55 007 + DGV @ (2.40)
St —d(t, 7+ 1)B(r)U(T).

Now consider piecewise OLBRS with k corrections. Expression (2.32) translates into

Vot t, 1) =
(@t 7)o (b7, Y1) © 75" —@(t 7+ DBU(T) ) - (2.41)
YDt T + DG (r)V(7).
Expression (2.34) translates into
Vi (t, 6, 1) =
(@ )Tor (11,70 V)= L1 @t 7+ 1DG(V(7)) @ (2.42)
S —0(t, 7+ 1) B(T)U(7).

Computation of backward reach sets for discrete-time linear systems makes sense only if
the state transition matrix ®(t¢q,t) is invertible.

If the target set Vi, control sets U(7) and disturbance sets V(7), 7 = t..(t; — 1), are compact
and convex, then CLBRS Y¢r(t1,t,)1) and Y, (t1,t,)1) are compact and convex, if they
are nonempty.
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2.3 Reachability problem

Reachability analysis is concerned with the computation of the forward X(t,t, Xy) and
backward Y(t1,t, Y1) reach sets (the reach sets may be maxmin or minmax) in a way that
can effectively meet requests like the following:

1. For the given number of time steps ty..t, determine whether the system can be steered
into the given target set );. In other words, is the set Vi N UtongtX (1,0, Xo)
nonempty? And if the answer is ‘yes’, find a control that steers the system to the
target set (or avoids the target set).

So-called verification problems often consist in ensuring that the system is unable to
reach an “unsafe” target set within a given time interval.

2. If the target set ) is reachable from the given initial condition {to, Xp} in time steps
to..t, find the shortest time to reach ),

argmin{X (7, to, Xo) N1 # 0 | to < 7 < t}.
T

3. Given the terminal time step ¢1, target set Vi and time step t < t¢; find the set of
states starting at time step ¢ from which the system can reach )y within time steps
t..t1. In other words, find ;. oy, Y(t1,7,I1).

4. Find a closed-loop control that steers a system with disturbances to the given target
set in given time.

5. Graphically display the projection of the reach set along any specified two- or three-
dimensional subspace.

For linear systems, if the initial set Xj, target set ), control bounds U(-) and distur-
bance bounds V(-) are compact and convex, so are the forward X(¢,ty, Xp) and backward
Y(t1,t, V1) reach sets. Hence reachability analysis requires the computationally effective
manipulation of convex sets, and performing the set-valued operations of unions, intersec-
tions, geometric sums and differences.

Existing reach set computation tools can deal reliably only with linear systems with convex
constraints. A claim that certain tool or method can be used effectively for nonlinear systems
must be treated with caution, and the first question to ask is for what class of nonlinear
systems and with what limit on the state space dimension does this tool work? Some
“reachability methods for nonlinear systems” reduce to the local linearization of a system
followed by the use of well-tested techniques for linear system reach set computation. Thus
these approaches in fact use reachability methods for linear systems. We refer the reader
to the Ellipsoidal Toolbox manual [3] for the review of existing reachability methods and
tools.
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3 Facts from ellipsoidal calculus

3.1 Basic definitions
We start with basic definitions.

Definition 3.1 (Ellipsoid) Ellipsoid £(q,Q) in R™ with center q and shape matriz Q is
the set

£(¢,Q) ={z e R" | ((x - ¢),Q ' (z —q)) <1}, (3.1)
wherein Q is positive definite (Q = QT and (x,Qx) > 0 for all nonzero x € R™).

Here (-,-) denotes inner product.

Definition 3.2 (Support function) The support function of a set X C R™ is

p(l | X) = sup(l, z).
reX

In particular, the support function of the ellipsoid (3.1) is

p(l | £(q,Q)) = (L,q) + (1, QH'>. (3.2)

Although in (3.1) @ is assumed to be positive definite, in practice we often deal with
situations when () is singular, that is, with degenerate ellipsoids flat in those directions for
which the corresponding eigenvalues are zero. Therefore, it is useful to give an alternative
definition of an ellipsoid using the expression (3.2).

Definition 3.3 (Ellipsoid defined through support function) Ellipsoid &(q,Q) in
R”™ with center q and shape matriz (Q is the set

£, Q) ={zeR"| {,z) < {,q)+ {1, QDY for all | € R™}, (3.3)

wherein matriz Q is positive semidefinite (Q = QT and (z,Qx) > 0 for all z € R™).

3.2 Affine transformation

The simplest operation with ellipsoids is an affine transformation. Let ellipsoid £(q, Q) C
R", matrix A € R™*™ and vector b € R"™. Then

AE(q, Q) +b = E(Ag + b, AQAT). (3.4)

Thus, ellipsoids are preserved under affine transformation. If the rows of A are linearly
independent (which implies m < n), and b = 0, the affine transformation is called projection.

14



3.3 Geometric sum

Consider the geometric sum £(q1,Q1) ® -+ & E(qx, Q) € R™. The resulting set is not
generally an ellipsoid. However, it can be tightly approximated by the parametrized families
of external and internal ellipsoids.

Let parameter [ be some nonzero vector in R™. Then the external approximation &(g, Q;r)
and the internal approximation £(q,Q; ) of the sum £(q1,Q1) @ --- ® E(qw, Qk) are tight
along direction [, i.e.,

and the support function

p(El | E(q, Q) = p(El | E(q1,Q1) -+ ® E(qr, Qr)) = p(EL | E(q,Q))).

Here the center q is
q=q1+-+qx (3.5)

the shape matrix of the external ellipsoid Qf’ is

1
Ql*=(<z,Qll>1/2+~~~+<Z,le>”2)<<z ot Tty ka>1/2@’“> 0

and the shape matrix of the internal ellipsoid @Q;" is

T
Qr = (@7 +9:@ +-+5Q) (A + 50+ +50%), 67
with matrices S;, i = 2,---,k, being orthogonal (S;S] = I) and such that vectors
1/2l 52Q1/2 ly--- ,Slelc/Ql are collinear.

Varying vector [ we get exact external and internal approximations,
U €@.Q) =¢@.Q) e @& Q) = ﬂ (0. Q).
(L,1y=1 ()=

For proofs of formulas given in this section, see [20, 22].

One last comment is about how to find orthogonal matrices So,--- , S, that align vectors
§/2 l,-- ,Q1/2 with Qi/Ql. Let v and w be some unit vectors in R". We have to find

matrix S such that Sv = w. For that, we perform singular value decomposition (SVD) of
vectors v and w:

v=USW,  w=U,Z, WL, (3.8)

Notice that W, and W,, are +1 scalars. The matrix S is now easily determined:

SUW, =U,W, = 8=U,W,W,UL. (3.9)
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3.4 Geometric difference

Consider the geometric difference of nondegenerate ellipsoids £(q1, Q1)—E(q2,Q2) € R™.
We say that ellipsoid (g1, Q1) is bigger than ellipsoid £(q2, Q2) if

5(0¢ QQ) - 5(07 Ql)

If this condition is not fulfilled, the geometric difference £(q1,Q1)—E& (g2, Q2) is an empty
set:

£(0,Q2) Z£(0,Q1) =  &(q1,Q1)—E(q2,Q2) = 0.

If £(q1, Q1) is bigger than £(g2, Q2) and £(gz, Q2) is bigger than £(q1,Q1), in other words,
if @1 = Q2,

E(q1,Q1)—E(q2, Q) = {q1 — g2} and  E(qa, Q2)—E(q1,Q1) = {g2 — 1 }-

To check if ellipsoid £(q1, Q1) is bigger than ellipsoid £(g2,Q2), we perform simultaneous
diagonalization of matrices ()1 and ()9, that is, we find matrix T" such that

TQTT =1 and TQ.TT = D,

where D is some diagonal matrix. Simultaneous diagonalization of ()1 and @)» is possible
because both are symmetric positive definite (see [14]). To find such matrix 7', we first do
the SVD of Qq:

Q1 =U 5w (3.10)

Then the SVD of matrix ¥,/ 2UTQyU 5, /%
o PUTQuuy s Y = Ups, W (3.11)

Now, T is defined as
T =vuls U, (3.12)

If the biggest diagonal element (eigenvalue) of matrix D = T'QoT7 is less than or equal to
17 5(07 QQ) g 5(07 Ql)

Once it is established that ellipsoid £(q1, Q1) is bigger than ellipsoid £(g2, Q2), we know that
the geometric difference £(q1, Q1)—& (g2, Q2) is a nonempty convex compact set. Although
it is not generally an ellipsoid, we can find tight external and internal approximations
of this set parametrized by vector [ € R™. Unlike geometric sum, however, ellipsoidal
approximations for the geometric difference do not exist for every direction [. Vectors for
which the approximations do not exist are called bad directions.

Given two ellipsoids £(q1, Q1) and E(ge2, Q2) with £(0,Q2) C £(0,Q1), I is a bad direction

if
(1, Q1)1
<l7 Q2l>1/2

> 7,
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in which r is a minimal root of the equation

det(Q1 —7Q2) =0
To find r, compute matrix 7" by (3.10-3.12) and define

1
~ max(diag(TQ.17))’

If [ is not a bad direction, we can find tight external and internal ellipsoidal approximations
E(q, Q;r) and £(q,Q; ) such that

g(quZ_) c g(Q17Q1>;5(q2>Q2) c g(qul—F)

and
p(EL | E(q,Q))) = p(£L | E(q1,Q1)~E(q2,Q2)) = p(El | (g, Q})).

The center q is

q=aq —q; (3.13)
the shape matrix of the internal ellipsoid @, is
L@ (L)' 2
“e (1 T ) N\ e ) (314

and the shape matrix of the external ellipsoid Q;r is
QF = (@7 +50)?)" (@ + sQy”). (3.15)

Here S is an orthogonal matrix such that vectors Qi/ ?] and SQé/ ?] are collinear. S is found
from (3.8-3.9), with v = QQ/ land w = }/QZ.

Running ! over all unit vectors that are not bad directions, we get

U £(q,Q)) = E(q1,Q1)~E (g2, Q2) = ﬂ (g, Q).

For proofs of formulas given in this section, see [20].

3.5 Geometric difference-sum

Given ellipsoids E(q1,@Q1), £(g2,Q2) and E(q3,Q3), it is possible to compute families of
external and internal approximating ellipsoids for

E(qr, Q1)—E(q2,Q2) ® E(q3,Q3) (3.16)

parametrized by direction [, if this set is nonempty (£(0,Q2) C £(0,Q1)).
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First, using the result of the previous section, for any direction [ that is not bad, we
obtain tight external £(q; — qo, Q?*) and internal £(q1 — g, Q?*) approximations of the set

E(q1,Q1)—E(q2,Q2).

The second and last step is, using the result of Section 3.3, to find tight external ellipsoidal
approximation £(q1 — ¢2 + g3, er) of the sum &(q1 — qo, ?Jr) ®E(qs3,RQ3), and tight internal
ellipsoidal approximation £(q1 — g2 + ¢3,@Q; ) for the sum £(q1 — g2, Q?_) @ E(q3,Q3).

As a result, we get

Elg1— @2+ ¢3,Q;) CE(q1,Q1)—E(g2,Q2) ® E(q3,Q3) C E(q1 — g2 + g3, Q;")

and

p(£l | E(qr—aa+a3, Q;)) = p(£l | E(q1, Q1) —E(q2, Q2)BE (a3, Q3)) = p(£l | E(1—aq2+43, Q"))

Running [ over all unit vectors that are not bad directions, this translates to

U E—@+a¢3,Q;) =E(q1,Q1)—E(q2,Q2) ® E(g3,Q3) = ﬂ Elqr — g2+ g3, Q).
@Lh=1 (Ly=1

3.6 Geometric sum-difference

Given ellipsoids €(q1,Q1), £(q2,Q2) and £(g3,Q3), it is possible to compute families of
external and internal approximating ellipsoids for

E(q1, Q1) ® E(q2, Q2)—E(g3,Q3) (3.17)
parametrized by direction [, if this set is nonempty (£(0,Q3) C £(0,Q1) ® £(0,Q2)).

First, using the result of Section 3.3, we obtain tight external £(q1 + go, Q?+) and internal
E(q1 + g2, Q?f) ellipsoidal approximations of the set £(q1, Q1) ® (g2, @2). In order for the
set (3.17) to be nonempty, inclusion £(0,Q3) C E(O,Q?+) must be true for any /. Note,
however, that even if (3.17) is nonempty, it may be that £(0,Q3) € £(0,Q)™), then internal
approximation for this direction does not exist.

Assuming that (3.17) is nonempty and £(0,Q3) C £(0,Q)"), the second step would be,
using the results of section 2.2.3, to compute tight external ellipsoidal approximation &(q; +
g2 — g3, Q;") of the difference £(q1 + ¢o, Q?+)45(Q3, @3), which exists only if [ is not a bad
direction, and tight internal ellipsoidal approximation £(q + g2 — ¢3,@Q; ) of the difference
E(q1 + qo, Q?*)QS (g3, @3), which exists only if [ is not a bad direction for this difference.

If approximation £(q1 + g2 — g3, Qf’) exists, then

Elq1, Q1) ®E(q2,Q2)—E(q3,Q3) € E(q1 + @2 — 43, Q)

and
p(£lL | E(q1, Q1) ® E(q2, Q2)—E(g3,Q3)) = p(£l | E(q1 + q2 — ¢3.Q;))-

18



If approximation £(q1 + g2 — g3, Q; ) exists, then

El+a2—¢3,Q) CE(qr, Q1) ®E(q2, Q2)—E(g3,Q3)

and
p(EL | E(@ +a2—q3,Q;)) = p(£L | E(q1, Q1) & E(q2, Q2)—E (g3, Q3))-

For any fixed direction [ it may be the case that neither external nor internal tight ellipsoidal
approximations exist,.

4 Ellipsoidal method

Consider discrete-time linear system
z(t+1) = A(t)x(t) + B(t)u(t,x) + G(t)v(t), (4.1)

in which z(t) € R™ is the state, u(t,z) € R™ is the control bounded by the ellipsoid
E(p(t), P(t)), v(t) € R? is disturbance bounded by ellipsoid £(q(t), Q(t)), and matrices
A(t), B(t), G(t) are in R™", R™™ R™ 4 respectively. Here we shall assume A(t) to be
nonsingular. The set of initial conditions at initial time ¢y is ellipsoid £ (zg, Xo).

Remark. The case when A(t) is singular is described in [25]. The idea is to substitute
A(t) with the nonsingular As(t) = A(t) + dU (t)W(t), in which U(t) and W (¢) are obtained
from the singular value decomposition

Parameter 6 can be chosen based on the number of time steps for which the reach set must
be computed and the required accuracy. The issue of inverting ill-conditioned matrices is
also addressed in [25].

If matrix Q(-) = 0, the system (4.1) becomes an ordinary affine system with known v(-) =
q(+). If matrix G(-) = 0, the system reduces to a linear controlled system. In the absence
of disturbance (Q(:) = 0 or G(-) = 0), Xcr(t, to,E(w0, Xo)) = Xep(t,to, E(0, X0)) =
X (t,to, E(x0, Xo)), the reach set is as in Definition 2.1.

Maxmin and minmax CLRS X (¢, to, € (z0, Xo) and X -/ (¢, to, E(20, Xo), if nonempty, are
symmetric convex and compact, with the center evolving in time according to

ze(t +1) = A(t)xc(t) + Bt)p(t) + G(t)v(t), zc(to) = o (4.2)
Fix some vector lp € R™ and consider I(¢) that satisfies the discrete-time adjoint equation,®

I(t+1) = (AT (1), 1(te) = o, (4.3)

®Note that for (4.3) A(t) must be invertible.
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or, equivalently
1(t) = ®T (tg, t)lp.

There exist tight external ellipsoids €(xc(t),71+(t)), E(zc(t), X; (t)) and tight internal el-
lipsoids &(zc(t), X, (t)), E(zc(t), X () such that

E(e(t), X (1)) € Kot to, € (wo, Xo)) C E(we(t), X (1)), (4.4)

p(U(t) | E(ze(t), X, (1)) = p(U(t) | Xerlt to, E(zo, Xo))) = p(U(t) | E(zc(t), X[ (t))). (4.5)
and

E(xe(t), X; (1)) € Xop(t to, €(z0, Xo)) S Ewe(t), X" (1)), (4.6)
p(U(t) | E(zc(), X; (1)) = p(I(t) | Xep(t to, E(xo, Xo))) = p(I(t) | E(xe(t), X[ (1)) (4.7)

Remark. It is important to note that formulas (4.5) and (4.7) can hold only if for all
time steps 7 = tq..t matrices B(7)P(7)BT(7) are not nondegenerate, which is, obviously
not the case when control dimension m is strictly less than the state space dimension n.
For each 7, tog < 7 < t, for which B(7)P(7)BT(r) is not of the full rank, it must be
regularized as prescribed in [25], substltutmg B(1)P(1)B” (1) with (B(1)P(7)BT(7))a =
B(T)P(1)BT (1) + %I, a > 0, and the sign ‘="1in (4.5) and (4.7) should be changed to ‘~’.

The shape matrix of the external ellipsoid for maxmin reach set is determined from

X (to) = Xo, (4.10)

wherein
(I(t + 1), B{t)P(t)BT (t)i(t + 1))1/2
(1), X, ()1(1)1/2

and the orthogonal matrix S;(t) is determined by the equation

mi(t) =

9

S OGHQMGT N2t +1) =
(It +1), GOQWGT ()t + 1))/

(l(t—l—l%}?l"'( )l(t—|—1)>1/2 (Xl—’—(t))lml(t-i-l).

Equation (4.9) is valid only if £(0,G(t)Q(¢t)GT(t)) C E(O,Xfr (t)), otherwise the maxmin
CLRS X (t,to, E(x0, Xo)) is empty.
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The shape matrix of the external ellipsoid for minmax reach set is determined from

X0 = ((A0X OAT0)2 + SOGOROGT 1)) =
((AOXTHAT@)2 + S GOROGT (1)?) (4.11)
Xi+1) = Q+mO)X 0+ (14— ) BOPOB 0, (412)
X[ (to) = Xo, (4.13)

where

(I(t +1), B{t)P(t)BT (t)I(t + 1))/
((t+ 1), X;" ()1t + 1))2/2
and S;(t) is orthogonal matrix determined from the equation
S,(O(GHQRGT () *Ut +1) =
(I(t + 1), GOQGT (DIt + 1))/?
(1), X" (0)i(e) />

Equations (4.11), (4.12) are valid only if £(0, G(t)Q(t)GT (t)) C £(0, At) X, (t)AT (1)), oth-
erwise minmax CLRS X (¢, %0, E(zg, Xo)) is empty.

Ez(t) =

(AB)XG (AT ()21t +1).

The shape matrix of the internal ellipsoid for maxmin reach set is determined from

X0 = (A0 OAT0) + T BOPOB (1)) x
(WX AT @) + Tyt (B POBT (1)) (4.14)
X (t+1) = <1+m<t>>f<l<t>+<1 ntt)>G(t)Q(t)GT(t)7 (4.15)
mL)
X, (to) = Xo, (4.16)

where

((t+1),GOQH)GT ()I(t + 1))1/2

i) = (Ut +1), X ()I(t + 1))1/2

and T(t) is orthogonal matrix determined from the equation

Ti(t)(B(t)P(6)BT (1) 21t +1) =
t

@+, BOPOB I+ ooy ),

{Ut), X; (0)I()/?2
Equation (4.15) is valid only if £(0, G()Q(t)GT (t)) C £(0, Xl_ (1)).
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The shape matrix of the internal ellipsoid for the minmax reach set is determined by

Xﬂw::u+m@m@&mmﬂo+0+ﬁ%>mmmmﬂm (4.17)
1
Xp(t+1) = ()2 + LBOPOB 1))
(& )2+ T B PHBT)?) (4.18)
X; (to) = Xo, (4.19)
wherein

((t+1),GHQE)GT (#)I(t + 1))1/?
(1), X, (@)1(1)1/?2 7
and the orthogonal matrix T(t) is determined by the equation
T,(t)(B(t) P()BT (1)) 21t + 1) =
(I(t+1), B(t)P(t)BT (t)I(t + 1))/
(Ut +1), X ()1t +1))1/2

(1) =

(X7 @)t +1).

Equations (4.17), (4.18) are valid only if £(0, G(t)Q(t)G™ (t)) C £(0, A(t)X; (t) AT ().

The point where the external and the internal ellipsoids both touch the boundary of the
maxmin CLRS is

o 0) = oeft) + — L I

+

and the bounday point of minmax CLRS is

X; ()Ut)
(1(t), X

Points l‘li(t), t > tog, form extremal trajectories. In order for the system to follow the
extremal trajectory specified by some vector [y, the initial state must be

Xolo
(Lo, Xolo)1/?

x; (1) = zc(t) +

x) =z + (4.20)
When there is no disturbance (G(t) =0 or Q(t) = 0), Y;r(t) = X' (t) and X; (t) = X; (¢),
and the open-loop control that steers the system along the extremal trajectory defined by
lo is

POBT)I(t+1)
(I(t+1), B)P#)BT(t)I(t + 1))1/2

Each choice of Iy defines an external and internal approximation. If X (t,tg, £(xq, Xo)) is

(4.21)

w(t) = p(t) +

nonempty,

U &), X; (1) = Xorlt, to, € (o, Xo)) ﬂ E(we(t), X[ (1))
(lo,lo)=1 (lo,lo)=
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Similarly for X~ (¢,t0, E(z0, X0)),

U €@, X (1) = Xop(tto,E(z0, X0) = (] El@e(t), X[ (#)).
(lo,lo)=1 (lo,lo)=1

Similarly, tight ellipsoidal approximations of maxmin and minmax CLBRS with terminating
conditions (¢1,&(y1, Y1)) can be obtained for those directions [(t) satisfying
1(t) = T (1, 1)1y, (4.22)
with some fixed [q, for which they exist.
With boundary conditions
ye(t) =91, Y, (1) =Y, () =Y () = Y () = Y1, (4.23)

external and internal ellipsoids for maxmin CLBRS Ycr(t1,t,E(y1,Y1)) at time t,

& (yc(t),?;r(t)) and E(y.(t),Y, (), are computed as external and internal ellipsoidal ap-
proximations of the geometric sum-difference

A7) (et + 1,77 04+ 1) @ BOE(=p(1), P(1)) “GOE(—a(t), Q1)) (4.24)
and
A7) (el + 1,77 (t4+ 1) @ BOE(=p(t), P(1)) “GHE(—a(t), Q1)) (4.25)

in direction [(¢) from 4.22. Section 3.6 describes the operation of geometric sum-difference
for ellipsoids.

External and internal ellipsoids for minmax CLBRS Y, (t1,t,E(y1,Y1)) at time ¢,
E(ye(t), Y (t)) and E(ye(t), Y[ (t)), are computed as external and internal ellipsoidal ap-
proximations of the geometric difference-sum

ATHE) ((EQye(t + 1), Y (¢ + 1)) -G (1)E(=q(t), Q(1))) @ B)E(—p(t), P(1))  (4.26)

and

ATHE) ((E(ye(t + 1), Y7 (¢ + 1)) -G (H)E(=q(t), Q1)) @ BH)E(—p(t), P(1))  (4.27)

in direction [(¢) from 4.22. Section 3.5 describes the operation of geometric difference-sum
for ellipsoids.

5 Control synthesis

The main application of the backward reachability is the control synthesis for steering
the system to a given target set. For some combination of system dynamics, target set,
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control and disturbance constraints, it is possible to devise feedback control directly through
dynamic programming, using (2.33) or (2.35). However, even for discrete-time systems when
one does not solve the HIBI PDE, computation of maxmin or minmax of the distance
function is generally difficult. Therefore, we propose an ellipsoidal method that is adequate
and efficient for linear systems.

Given system (4.1), target set defined by ellipsoid £(y1, Y1) and terminal time t;, we want
to find a closed-loop control that steers the system from some state yo at time tg < ¢1 to
E(yl,Yl) at 11.

First we compute external ellipsoidal approximations &£ (yc(t),?f(t)) of (4.24) and internal
ellipsoidal approximations & (y.(t), Y, (t)) of (4.25) of the maxmin CLBRS for t = t(..(t;—1),
for different values of the parameter [y € R", as described in Section 3.6. If there exists an
external ellipsoid & (yc(to),7l+ (to)) such that yo & & (yc(to),71+(t0)), there is no closed-loop
control that can guarantee taking the system from gy at tg to a state within £(y1,Y7) at
t1. On the other hand, if there exists an internal ellipsoid &(y.(t),Y; (to)) defined by the
choice of Iy, such that yo € E(ye(to), Y (to)), such a control does exist.

We build the closed-loop control u(t,y(t)) so as to keep the system state y(¢) inside, if

possible, or as close as we can, if not, to the internal approximating ellipsoid & (y.(t),Y; (t))
for t = tp..(t1 — 1). The steps below describe control synthesis at time ¢.

1. Compute
gt +1) = A(t)y(t) + B(t)p(t) + G(t)v(t), (5.1)
and set
AE+1) = G+ 1) —yelt + 1), (Y, (E+1) 7@+ 1) = ye(t + 1)) (52)

If y(t+1) < 1, then g(t +1) € E(ye(t +1),Y, (t+ 1)), and the control can be chosen
as u(t, y(t)) = p(t).

Remark. Note that we compute (¢t + 1) with known v(t). Recall definition 2.10: in
maxmin case, at every time step we choose the control for the known disturbance.

2. Otherwise, if y(t +1) > 1, g(t + 1) is a boundary point of ellipsoid &€ (y.(t + 1), y(t +
1)Y, (t+ 1)) corresponding to the direction m(t + 1) € R",

mt+1) = (Y, (¢ +1)7 @ +1) = et +1)).

In order to steer the system closer to the internal approximating ellipsoid, control
u(t,y(t)) must act in the direction —m(t + 1).

3. Choose u(t,y(t)) so that the vector B(t)u(t,y(t)) is a boundary point of the ellipsoid
E(B(t)p(t), B(t)P(t)BT (t)) C R™ in the direction —m(t + 1),
Pt)BT (t)m(t + 1)
(m(t+1),B@t)P@t)BT(t)m(t +1))1/2"

u(t, y(t)) = p(t) —
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To summarize,

u(t, y(t)) = p(t) —

0, if y(t+1) <1,
{ (5.3)

POBT (t+1)) 7 @D —ye () +1) otherwise.

(Y1 (#4+1) 71 (@(t4+1) =ye (t41)), BOP(6) BT () (Y} (t+1)) = (§(t+1) —ye (t4+1)))1/2

Formula (5.3) gives mazxmin closed-loop control.

We must again emphasize that maxmin feedback control strategy implies the knowledge
of disturbance for the current time step. In reality we may not have such knowledge and
should make a guess about the value of v(¢). An obvious choice for v(t) is

v(t) = ar max t+1),
() gv(t)GS(Q(tLQ(t)) i )

with (¢t + 1) defined in (5.1)-(5.2). This problem, however, is nonconvex and can have
infinitely many solutions. The wrong guess of v(t) for some time step ¢, tg < ¢t < t;, may
result in the system state ending up outside the mazmin CLBRS Yoy (t1,t +1,E(y1,Y1)),
in which case there is no longer a closed-loop control strategy that can guarantee reaching
the target set E(y1,Y1) at time t1.°

The logical way out of this problem is to compute minmaz closed-loop control u(t,y(t)),
t =to..(t; — 1), instead. If u(t,y(t)) exists, it guarantees that

A)Yep (b1, E(y1, Y1) + B()ult, y(1) © GE(q(1), Q(t)) € Ve (t,t +1,E(y1, Y1),

and it does exist provided that J ., (t1,t,E(y1, Y1)) is nonempty for ¢ = ¢o..(t; —1). Finding
it, however, is difficult, and there appears to be no straight-forward way. We suggest
computing minmax control as

R p(t), if (y(t) —ye(t), (Y, ()~ ((t)1 Ye(t)) < 1,
(t,y(t) = »

(t) — bt )BT(t)( )~ (y(t)=ye (D)
(X @)~ Hy(®) -y ), B(t)P(t) T )y —ye®)/2’

otherwise,

(5.4)
where £(y.(t),Y; (t)) is the internal ellipsoidal approximation of (4.27) for ¢t = to..(t; — 1).

Remark. Note that if minmax CLBRS Y, (t1,t,€(y1,Y1)) is empty, which is often the
case, there exist no minmax closed-loop control that guarantees reaching tha target set
E(y1,Y1) at time step t1.

6 Examples

6.1 Maxmin and minmax reach sets

We start with a simple example illustrating the concept of maxmin and minmax reach sets.
Consider a continuous-time linear system

#(s) = Az(s) + Bu(s,x) + Gu(s), (6.1)

5The target set E(y1, Y1) may still be reached at time ¢1, but only if the disturbance allows.
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. . . -0.1 1
where s represents continuous time; z € R?; matrices A = [ 9 _01 }, B =

[ 1(')5 (1) ]’ G = [(1) (1) ] are constant; control is bounded by constant box-valued

constraints ||ullcc < 1 for all s > 0; and so is the disturbance: |jv]|oc < 1 for

all s > 0. The set of initial states is a unit box centered at [_44 }: Xy =

{zeR*| —5<a1 < -3, 3< 2 <5}

The sampling of (6.1) leads to a discrete-time linear system

z(t+1) = e (t) + < /O > eAAtB> u(t, ) + ( /O > eAAtG> o(t), (6.2)

where At is the sampling period.

For system (6.2) with given initial set, control and disturbance bounds, maxmin and min-
max reach sets can be computed exactly via formulas (2.24), (2.19), (2.25), (2.20) and the
polytope method from [6].

Figure 1 presents maxmin and minmax reach sets of the system (6.2) computed for the same
termination time T' = 4, and three different values of the sampling period At = 0.4,0.1 and
0.04.” and three different values of the sampling period At = 0.4,0.1 and 0.04. The three
left plots depict the phase trajectories of the maxmin (blue), X, (7,0, Xp) and the minmax
(green), X (7,0, &p), reach sets, 7 = 0..t; and the three right plots show X¢y(t,0,Xp)
and X (t,0,Xy), where t = %. This picture is a perfect illustration of the fact that
Xeop (1,0, %) € Xeor(r,,0,Xy) for 7 = 0..¢, and as At gets smaller (the corrections happen
more frequently), boundaries of maxmin and minmax reach sets get closer to each other.

Remark. For linear systems, as At — 0, X¢r, = X, so in the continuous-time case there
is no need to indicate whether CLRS is of maxmin or minmax type.

6.2 Steering to the target

The second example demonstrates how to steer the system to the target as described in
Section 5 in given number of time steps.

Consider a linear system with disturbance

2t +1) = [ o ]m(t)—i— [ X ]u(t,m)—i— [ ; } o(®), (6.3)

where € R?, control u and disturbance v are restricted by constant bounds: 0 < u < 2
and —0.03 < v < 0.03. Target set V) = &([1, 5|7, Iox2) must be reached at t; = 10
400 }

starting at ¢t = 0. The initial position of the system is tg = 0, x¢ = [ 140

T is given for the continuous-time system (6.1).
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Initial se

-3
6 55

(C) A1=0.04

Figure 1: Maxmin (blue) and minmax (green) reach sets for system (6.2).
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1
We start by arbitrarily fixing parameter [; = [ 1 ] and computing internal ellipsoidal

approximation of the maxmin CLBRS for 10 time steps as described in Section 4. In
this example, z¢ € E(y.(0),Y,; (0)) for the chosen [1.® Figure 2 shows how this ellipsoidal
approximation evolves from ¢t = 1 to t = t; = 10.

t=1 t=2 t=3 t=4 t=5
50 -50 -70 -20 20
0 -80 -30 10
< -100
-50 -90 -40 0
-100 -150 -100 -50 -10
io0 150 200 -100 0 100 =150 -100 -50 ~-100 -80 -60 -60  —40  —20
Xl Xl Xl Xl Xl
t=6 t=7 t=8 t=9 t=10
35 30 14 2 -4
30 1 -4.5
25 12
~N . -
< 25 0 5| &
20 10
20 -1 -5.5
8
15 15 8 -2 -6
=20 0 20 0 20 40 10 20 30 5 10 15 0 1 2
X1 X1 X1 X1 Xl

Figure 2: Internal ellipsoidal approximation of the maxmin CLBRS of system (6.3) com-
puted for 10 time steps back. Closed-loop system trajectory is indicated by points in red.

Disturbance v
o

-0.02

-0.04 L L L L L 1 1 1
0

Control u

0 1 2 3 4 5 6 7 8 9
Time step t

Figure 3: Random disturbance values (black) picked within given bounds, and control values
(blue) computed via (5.3) that steer the system to the target set in 10 time steps.

Then, for every step ¢t = 0..9 the control value is calculated from (5.3), while the disturbance
values come from the outside world.? The resulting feedback control is displayed in Figure

8The general approach is to obtain internal ellipsoidal approximations for several values of I; and then

select the one, for which the corresponding £ (y.(0),Y; (0)) is the closest to xo.
For this particular example, the disturbance values were chosen randomly within their specified bounds.
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3 together with the disturbance, for which it was computed. The aim of the control is to
keep the system inside the chosen ellipsoidal approximation.
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